Introduction
Pedestrian flow models are used to predict the movement of crowds at events, in transit hubs and in other occasions where large groups of people gather and travel on foot. To observe and model the behaviour of crowds, variables such as (average) density, flow, velocity and speed have been used (Hughes, 2002; Hänseler et al., 2013; Hoogendoorn et al., 2015, under review; . We refer to (Bellomo and Dogbé, 2008; Duives et al., 2013) for more detailed reviews of pedestrian flow modelling. However, a consistent approach to the definitions is, to our knowledge not available. Duives (2012) provides an overview of current approaches to measuring density, but also show some inconsistencies and challenges. We start from scratch and use definitions widely used in traffic flow modelling (Edie, 1965) to develop a consistent set of definitions for pedestrian flow modelling. Edie defined flow, density and velocity for 1 dimensional roads. They have turned out useful for traffic flow dynamics, and have proven to yield consistent results in observations and modelling. However, the original definitions need to be extended to 2 dimensional areas for most applications in pedestrian flow theory. In Section 2 we propose such extensions. Our approach, is similar to the one proposed by for flows in road networks. However, in Section 3 we extend the definitions to local and instantaneous variables as well and show how the conservation of pedestrians equation can be derived. In Section 4 we extend the definitions for multi class flow models. These models give insight into behaviour of crowds in the presence of different types of pedestrians (e.g. with different physical characteristics) or if pedestrians have different origins and destinations. To model multi class flows, we extend our definitions of density, flow, velocity and speed to take the differences between the classes into account. This article is concluded with a summary and future research direction (Section 5).
Edie's definitions in two dimensions
Edie's definitions of flow, density and speed were first introduced to measure these variables of traffic flow in a consistent way. We now extend the definitions to two dimensional regions instead of one dimensional roads, see Figure 1 . We consider a three dimensional area of length dx, width dy and duration dt with pedestrians n = 1 . . . N. We do not only consider the distance X n traveled in direction x by pedestrian n (as in one dimensional traffic flow), but also the distance Y n traveled in direction y by pedestrian n. We furthermore need the time T n pedestrian n is present in the area
We first define the flow in direction x:
with N the number of pedestrians within area A.
(1) can be interpreted as the net flow in direction x. I.e. in the limit dx → 0, a number of pedestrians crosses a virtual line that is placed perpendicular to direction x. The flow is the number of pedestrians that crosses this line per second and per meter line. The (net) flow in direction y is:
Again, in the limit dy → 0 this can be interpreted as the number of pedestrians per time unit and per length unit that crosses a virtual line that is placed perpendicular to direction y. Combining (1) and (2) we define the flow as follows:
We now define density as the average number of pedestrians that is in the region [dx × dy] during time period dt:
Similar to Edie, we define the velocity in direction x (or y) as the average distance traveled in x direction (or in y direction) divided by the total time spent:
We note that the definitions of flow and velocity may not result in the desired outcome if the pedestrians do not all move in (approximately) the same direction. For example, if about half of the pedestrians walks from left to right, and the rest walks in the other direction, this causes the flows and velocities in x direction to (almost) cancel out. This can be dealt with by using a multi class approach as proposed in Section 4. Finally, the speed is the absolute velocity and is defined:
We note that velocity and speed can also be found using:
The absolute flow can be defined in two ways, which give the same result. Showing that these results are equivalents, proofs that Definitions 1-4 are consistent. Firstly, we calculate the absolute flow similarly to the speed:
The absolute flow can be interpreted as follows. A 'directional' flow (in pedestrians per second) can be defined in any direction. For example, above we have defined directional flows in direction x (i.e. q x ) and in direction y (i.e. q y ). The definitions lead to the observation that the absolute flow is the maximum of all directional flows. Secondly, the absolute flow can be defined as:
We show that both definitions are equal by showing that q def1 = q def2 . Therefore, we substitute the definition of speed (6) into the second definition of absolute flow (9) and rewrite the result. Subsequently, we substitute the definition of velocity in direction x (upper part of (5)) and in direction y (lower part of (5)) which gives the first definition of absolute flow (8):
We choose to use q def1 in the definition because it does not rely on intermediate calculations of velocity and speed:
Definition 5 (Absolute flow).
The above is useful for measurements and observations of crowd flow. Taking a relatively small area and time span, the state can be assumed constant and density, flow and velocity can be observed. This can, for example, be used to estimate parameters of a fundamental diagram such as capacity, maximum speed and maximum density .
Local and instantaneous variables
In many applications, such as macroscopic crowd flow modelling, it is useful to know the (absolute) flow, density, velocity or speed at a single point. The variables are then referred to as local and instantaneous. To calculate these, we apply the same definitions as above to an infinitesimal area i.e. we consider the same area [dx × dy × dt] but now we let dx → 0, dy → 0 and dt → 0.
Since we are dealing with the flow of discrete particles (namely pedestrians) we first have to make an assumption, also known as the continuum hypothesis. We assume that pedestrian flow can be described as a continuum flow. Therefore, we assume that there are enough pedestrians in any region of interest to justify that we aggregate pedestrians into 'average' flow, density and velocity and we do not need to model them individually.
To derive the local and instantaneous variables, we let dx, dy and/or dt go to zero in the appropriate order.
Definition 6 (Local and instantaneous flow, density and velocity).
Similar to the speed (Defintion 4) and the absolute flow (Defintion 5), we define the local and instantaneous speed and absolute flow:
Definition 7 (Local and instantaneous speed and absolute flow).
We note that the local and instantaneous velocity and speed can also be found using (7). The above definitions of the local and instantaneous variables are used in a consistent pedestrian flow model, including the conservation of pedestrians equation: A complete model furthermore links the current density and possibly previous states to the current flow. An example of this would be a fundamental diagram prescribing the speed as function of the density: v(x, y, t) = V(ρ(x, y, t)) combined with a route choice model prescribing the direction e(x, y, t) = v (x, y, t)/v(x, y, t) . This approach is described in more detail in for example (Hughes, 2002; Hänseler et al., 2013; Hoogendoorn et al., 2015) , alternative approaches are proposed by, e.g. Bellomo and Dogbé (2008) ; Hoogendoorn et al. (under review) .
Multi class pedestrian flow modelling
We extend the definitions of density, flow, velocity and speed to situations with multiple user classes. This can for example be useful to describe or model flows with pedestrians with different origins and/or destinations. When pedestrians are grouped in classes such that all pedestrians in one class follow (approximately) the same route, this prevents the problem of velocities or flows cancelling each other out, as discussed in Section 2. The key is that densities, flows and velocities are considered per class u ∈ U. We define class specific flow, density and velocity in analogy to Definition 1: Definition 8 (Class specific flow, density and velocity).
with N u the numbers of pedestrians of class u ∈ U. The concept is illustrated in Figure 2 . To illustrate this further, we show the class specific densities in the figure. The numbers of pedestrians of class 1 are the set N 1 = {1, 2, 6}, the numbers of pedestrians of class 2 are the set N 2 = {3, 4, 5, 7}. This leads to class specific densities:
Finally, class specific speed and absolute flow are defined similarly to Definitions 4 and 5, respectively:
Definition 9 (Class specific speed and absolute flow).
We note that the class specific velocity and speed can also be found using a class specific version of (7):
For a multi class flow model, one also needs multi class conservation equations. With the definitions of class specific, flow and density as above, we can show that the conservation equation (14) 
Conclusion
We have introduced a consistent set of variables for (two dimensional) pedestrian flow modelling, based on similar variables that have been used for a long time in (one dimensional) traffic flow modelling. We have extended the concepts to multi class flow models, which can deal with different types of pedestrians and with different origins and destinations. This work places a solid foundation under already existing pedestrian flow models and enables their further development. Furthermore, the definitions can be used to study consistent ways to observe and to simulate crowed dynamics. Future research may also include an adaption of these definitions for formulation of the models in Lagrangian coordinates. It is expected that, in analogy to road traffic flow (Leclercq et al., 2007; Van WageningenKessels et al., 2010) , the Lagrangian coordinate system can contribute to more efficient pedestrian flow models.
